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A simplified, though realistic, model describing two receding and accelerating fission fragments,
due to their mutual Coulomb repulsion, shows that fission fragments share excitation energy well
after they ceased to exchange nucleons. This mechanism leads to a lower total kinetic energy of the
fission fragments, particularly if the pygmy resonances in the fission fragments are excited. Even
though the emphasis here is on fission, similar arguments apply to fragments in heavy-ion reactions.
I. INTRODUCTION
Since the discovery of fission in 1939 [1–3] it was as-
sumed that after scission the two fragments are acceler-
ated by their Coulomb repulsion and the entire poten-
tial Coulomb energy between the fragments is converted
into the total kinetic energy (TKE) of the fission frag-
ments (FFs). With the exception of a couple of small
studies of which I am aware of [4–6], this assumption is
treated as rather accurate and the magnitude of the TKE
of the FFs was used as a signature of the scission shape
of the fissioning nucleus or to disentangle different fission
modes [7–10]. However, because of the long range nature
of the Coulomb interaction the intrinsic excitation energy
can be still exchanged between the receding FFs and the
amount of the total excitation energy (TXE) and TKE
can be affected. In a different kind of study, Bertsch [5]
argues that the long range Coulomb interaction between
deformed FFs can lead to their re-orientation and as a
result it can affect their angular momentum content.
In Fig. 1 I illustrate these points using some typi-
cal results [11] obtained by simulating the induced fis-
sion of 236U resulting from the reaction 235U(n,f), within
the time-dependent density functional theory (TDTDF)
framework described in Refs. [12–14], with the nuclear
energy density functional (NEDF) SeaLL1 [15]. Similar
results are obtained for other NEDFs. In the case illus-
trated in Fig. 1 the scission occurs when the separation
between the FFs centers of mass dsep exceed about 21 fm.
Before scission dsep is defined as the distance between the
centers of mass of the two halves of the fissioning nucleus.
The neck forms quite closely to the center of mass of the
fissioning nucleus.
At dsep = 21 fm separation there is practically no nu-
cleon exchange between the FFs and the quantities
∆N = NHFF −NLFF , ∆Z = ZHFF − ZLFF (1)
attain their asymptotic values, see the upper panel in
Fig. 1. Here NHFF,LFF and ZHFF,LFF are the heavy
and light FFs neutron and proton numbers respectively,
calculated as the corresponding numbers of of nucleons in
the left and right halves of the simulation box. The center
∗ bulgac@uw.edu
of mass of the system is exactly in the middle of the box.
When the FFs are sufficiently well separated these are the
actual FFs neutron and proton numbers. Unlike protons,
for which the Coulomb barrier hinders significantly their
emission, a small neutron cloud is formed around the FFs,
and the FFs neutrons numbers are not as sharply defined
as the FFs proton numbers, see the upper panel in Fig. 1.
Even though effectively no particle transfer occurs for
dsep > 21 fm between the FFs, when the separation be-
tween the tips of the two FFs exceeds the range of the
nucleon interactions, the FFs intrinsic energies change by
significant amounts, with amplitudes of the order of sev-
eral MeVs. The middle panel of Fig. 1 shows that the
FFs intrinsic energies evolve as well and that they are
out of phase, while their sum oscillates with a small am-
plitude, comparable to the TKE oscillation amplitude,
shown in the lower panel of Fig. 1. This behavior of the
FFs intrinsic excitation energies is in agreement with the
Eqs. (10-11) and the conservation of the sum of TKE and
intrinsic energies Etot = Eint(t) + ETKE(t), see Eq. (16-
18).
In the inset of the lowest panel of Fig. 1 I show the
evolution of the FFs dipole moments, defined according
to Eq. (B.88) of Ref. [16],
D =
NZ
N + Z
(zP − zN ), (2)
where zP,N are the proton and neutron z centers of mass
coordinates (Oz being the fission axis) and N , Z the
neutron and the proton numbers for each FF. As one
might have expected, the dipole moments of the two FFs
oscillate out of phase, see also Sec. II, and since the LFF is
more elongated along the fission z-axis than the HFF [12–
14] its amplitude is larger. Clearly the two FFs exchange
intrinsic energy due to the excitation of their respective
lowest dipole modes, which in this case ≈ 6 MeV.
At each separation dsep (or corresponding time) the
TKE is evaluated by adding together the FFs instanta-
neous kinetic and Coulomb FFs interaction energies [12–
14], see lowest panel in Fig. 1. The simulations are per-
formed in the center of mass of the initial fissioning nu-
cleus. The dominant assumption so far in literature was
that TKE can be evaluated at any separation between
FFs after scission, using the procedure described here,
and also that their intrinsic energies have well defined val-
ues determined at the scission configuration. The results
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FIG. 1. (Color online) The evolution of the neutron and
proton number differences ∆N and ∆Z (upper panel), the
FFs intrinsic energies (middle panel), and the TKE and in
the inset the FFs dipole moments D (lower panel) as a func-
tion of the fission fragments separation dsep in the case of in-
duced fission of 236U. The numerical results are from a work
in progress [11]. In the inset of the upper panel the neutron
(upper half) and proton (lower half) shapes of FFs distribu-
tions are displayed at 22 fm separation. The heavy FF is on
the left and the light FF in on the right. Notice that the LFF
is more elongated than the HHF.
of these first these study of the FFs properties within
a framework free of any assumptions or approximations
clearly demonstrate the invalidity of these assumptions
perpetuated in literature for many decades now. In par-
ticular, in Refs. [13, 14] it was conclusively demonstrated
that the FFs deformation properties evolve after scission
too.
In this paper I describe a simplified model of this ex-
citation energy exchange between the FFs, which even
though it is not aimed to be very accurate, it does it
illustrates this new mechanism of the excitation energy
sharing mechanism between FFs.
II. COULOMB INTERACTION OF FISSION
FRAGMENTS BEYOND SCISSION
This is a simple classical model of the dynamics of the
FFs beyond scission, assumed as incompressible neutron
and proton fluids with a Coulomb interaction between
the two FFs.
H =
m(Z1x˙
2
1 +N1y˙
2
1 + Z2x˙
2
2 +N2y˙
2
2)
2
+
k1|x1 − y1|2 + k2|x2 − y2|2
2
+
e2Z1Z2
|x1 − x2| , (3)
where m is the nucleon mass and e the proton charge.
Here x1,2 and y1,2 are the proton and neutron center of
mass coordinates, and Z1,2 and N1,2 are the proton and
neutron numbers of the two FFs repectively. The two
incompressible and frozen liquids in each fragment can
move with respect to each other in this model [16–19]
with harmonic restoring forces. There is no reason to
further complicate unnecessarily this simple model, since
accurate results including all possible other effects are
already available [12–14] and many more will follow [11].
By introducing the coordinates
ξ1 = x1 − y1, ξ2 = x2 − y2, (4)
η =
Z1x1 +N1y1
A1
− Z2x2 +N2y2
A2
, (5)
ζ =
Z1x1 +N1y1 + Z2x2 +N2y2
A
(6)
where A1,2 = Z1,2 +N1,2 and A = A1 +A2 the Hamilto-
nian becomes
H =
µ1ξ˙
2
1
2
+
µ2ξ˙
2
2
2
+
µη˙2
2
+
Amζ˙2
2
+
k1ξ
2
1
2
+
k2ξ
2
2
2
+
e2Z1Z2
|η + ξ| , (7)
where
µk = m
ZkNk
Ak
, k = 1, 2, and µ = m
A1A2
A
, (8)
x1 − x2 ≡ η + N1
A1
ξ1 − N2
A2
ξ2 = η + ξ. (9)
3Then the equations of motion become
µ1ξ¨1 = −k1ξ1 + e
2Z1Z2N1
A1
(η + ξ)
|η + ξ|3
≈ −k1ξ1 + e
2Z1Z2N1
A1
η
|η|3 , (10)
µ2ξ¨2 = −k2ξ2 − e
2Z1Z2N2
A2
(η + ξ)
|η + ξ|3
≈ −k2ξ2 − e
2Z1Z2N2
A2
η
|η|3 , (11)
µη¨ =
e2Z1Z2(η + ξ)
|η + ξ|3 ≈
e2Z1Z2η
|η|3 , (12)
and where ξ has been defined in Eq. (9). As the cen-
ter of mass coordinate ζ is not affected by interac-
tion the corresponding equation can be ignored. Since
|η| ≈ |x1 − x2|  |ξ1,2| one can ignore ξ on the right
hand sides of these equations and then these equations
can be solved by quadrature. Notice the driving Coulomb
force in Eqs. (10-11) acts in opposite directions for ξ1,2.
Assuming for simplicity that k1,2 = µ1,2ω2 the solu-
tions are
η(τ) = (0, 0, R)(cosh τ + 1), (13)
t(τ) =
√
mR3
e2Z1Z2
(sinh τ + τ), (14)
ξk(t) = ξk(0) cos(ωt) (15)
+
∫ t
0
dt1
sin[ω(t− t1)]
ω
Ckη(t1)
|η(t1)|3 , Ck =
e2Z1Z2Nk
Akµk
,
where 2R = R1 +R2 is the distance between two touch-
ing spheres. In this case ξk(0) 6= 0, as the two FFs just
before the neck is ruptured can polarize each other, while
they are practically at rest ξ˙(0) = 0, see also Fig. 1, as
suggested by the overdamped character of the collective
motion before neck rupture [12–14]. The initial polariza-
tion of the two FFs is given by the condition that the
Coulomb force is balanced by the restoring force of the
dipole modes.
Assuming that initial velocities are ξ˙1,2(0) = η˙(0) = 0,
and |η(0) + ξ(0)| = 2R, one can define the total, the
intrinsic, the final kinetic energy of the fragments, and
the Coulomb interaction between the fragments energies
and for all times after scission t > 0
Etot =
k1ξ
2
1 + k2ξ
2
2
2
∣∣∣∣
t=0
+
e2Z1Z2
2R
= Eint(t) + ETKE(t) > 0, (16)
Eint(t) =
µ1ξ˙
2
1 + µ2ξ˙
2
2
2
+
k1ξ
2
1 + k2ξ
2
2
2
> 0, (17)
ETKE(t) =
µη˙2
2
+
e2Z1Z2
|η + ξ| →
µη˙2
2
∣∣∣∣
t→∞
. (18)
Here the intrinsic energy Eint(t) stands for the combined
additional excitation energy of both FFs acquired after
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FIG. 2. (Color online) An evaluation in the lowest order per-
turbation theory of FFs intrinsic energy Eint(t) in the case of
240Pu induced fission as a function of the separation between
the FFs and also as a function of the time after scission.The
initial separation and fragment charges were chosen so that
e2Z1Z2/η=176.2 MeV, with Zh = 53 and ZL = 41, typical
for average FFs charges. The initial value of the Coulomb en-
ergy is compatible with very large elongations of the FFs at
scission. The thinest and medium thickness lines correspond
to the case ξ1,2(0) = 0 when the FFs fragments are initially
charge unpolarized, and ~ωk =
√
kk/µk = 16 MeV and 6
MeV respectively. The thickest lines correspond to ξk(0) 6= 0,
thus to initially charge polarized FFs at scission, and ~ωk = 6
MeV. The black, blue, and red lines correspond to damping
~γ1 = ~γ2 = (2, 4, 6) MeV respectively, see Eq. (19-20).
scission, when the two fragments interact only through
the long range Coulomb interaction. Thus the fragments
end up excited and the (final) total kinetic energy of
the fragments is less than the initial Coulomb potential
energy, see Fig. 2, as one would have naively expected.
Eqs. (10), (11), and (12)) show that the energy exchange
between intrinsic degrees of freedom ξ1,2 and the relative
fragment degrees of freedom η are controlled by Coulomb
4interaction alone.
Since dipole oscillations are however damped it is ap-
propriate to include this effect. The equations for the
intrinsic degrees of freedom ξk become in this case
µ1ξ¨1 ≈ −k1ξ1 − µ1γ1ξ˙1 + e
2Z1Z2N1
A1
η
|η|3 , (19)
µ2ξ¨2 ≈ −k2ξ2 − µ2γ2ξ˙2 − e
2Z1Z2N2
A2
η
|η|3 , (20)
At relatively small damping the main effect is the aver-
aging of the oscillations with little change in the average
value of the asymptotic value of ETKE(t), see Fig. 2, and
an additional increase of the internal excitation energy
of the fragments, beyond that acquired during the de-
scent from saddle-to-scission, of up to a few MeVs in case
of strong damping. In these simulations one observes
that the light FF typically emerges very elongated, see
Refs. [13, 14] and Fig. 1, and in that case the energy
of the dipole resonance can be rather low, similar to a
pygmy resonance energy, and in that case Eint increases
noticeably when ~ω decreases, see Fig. 2.
One should also note that even though the dipole reso-
nances are excited in the FFs, most likely this is not going
to lead to emission of relatively high-energy gamma rays,
since this excitation energy is dissipated in a time inter-
val much shorter ≈ 10−21 sec. than the times required to
emit a photon ≈ 10−14 . . . 10−3 sec. see Refs. [8, 20, 21]
and particularly Gönnenwein’s lecture notes [22]. Nev-
ertheless, experiments point to the observation “that the
intensity of the γ-ray energy above 5 MeV is sensitive to
the species of fissile nuclei" and to the likely “population
of pygmy resonances" [23].
This model neglects the excitation of other collective
modes. When FFs are accelerated, in their own non-
inertial reference frame they experience a force, which
tends to pile up the nuclear matter at the edges facing
each other, similarly to a what happens to an accelerated
vessel with water. One thus expects that both iso-scalar
and iso-vector modes are excited as seen in realistic simu-
lations [12–14, 24]. This model also neglects that the FFs
large deformations at scission change significantly after
scission also [13, 14]. Since the shapes of the FFs evolve in
time even after scission, the collective excitation energy
stored in these modes is still dissipated due to the one-
body dissipation mechanism [25]. The decay of the giant
resonances into more complex particle-hole excitations, is
typically described by the spreading width Γ↓ [26], which
is a de-excitation mechanism somewhat independent of
the one-body dissipation due to nuclear large amplitude
collective motion of the FFs. Since the during the descent
from the saddle to scission the motion is strongly over-
damped, close to the scission configuration the kinetic
energy of the fragments in the fission direction is negligi-
ble [13, 14] and ETKE(0) ≈ e2Z1Z2/2R. This is contrast
with phenomenological calculations [9, 10], when the FFs
have a significant kinetic energy at scission. I am aware
of a single instance where the dipole excitation of the FFs
was examined earlier [4], where a relatively small increase
of Eint was found.
In most phenomenological models [7–10, 27] and in the
time-dependent generator coordinate method [28, 29]
the collective motion before scission is only partially, if
ever, damped, and at scission the two FFs have a kinetic
energy of the order of 10 . . . 15 MeV, with the exception
of Smoluchowski approaches [30–36] and the unrestricted
TDDFT framework [12–14]. In the unrestricted TDDFT
framework the excitation of all collective modes by
the Coulomb interaction between FFs and a significant
amount of their damping mechanism after scission are
accounted for. One might also consider the case when
the isovector mass is different from the bare mass. That
would require a simple replacement m → m∗ in the
definition of reduced masses µ1,2, see Eq. (8).
III. CONCLUSION
While the model presented here is simplified and clas-
sical, it is pretty realistic. It is straightforward to imple-
ment into such a model various deformations. At the
same time it is unnecessary to perform such involved
model calculations when realistic calculations are avail-
able [12–14, 37] and new ones are in the pipeline. The
only relevant question is that of the correct interpreta-
tion of those realistic results, for which a simple model
is particularly useful. I have shown here that the FFs
exchange up to several MeVs of excitation energy, after
they ceased to exchange nucleons, and up to relatively
large separations, due to the long range character of the
Coulomb interaction between them. This excitation en-
ergy mechanism leads to slightly smaller final TKE of the
FFs. Similar effects are expected in the case of fragments
emerging in heavy-ion reactions.
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